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a b s t r a c t
An inflation of a graphG is obtained by replacing vertices inG by disjoint cliques and adding
all possible edges between any pair of cliques corresponding to adjacent vertices in G. We
prove that the chromatic number of an arbitrary inflation F of the Petersen graph is equal to
the chromatic number of some inflated 5-cycle contained in F . As a corollary, we find that
Hadwiger’s Conjecture holds for any inflation of the Petersen graph. This solves a problem
posed by Bjarne Toft.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Hadwiger’s Conjecture [5], which is a fundamental conjecture in the theory of graph colouring, states that every
k-chromatic graph contains a complete minor of order k. Hadwiger’s Conjecture is a far-reaching generalisation of the Four
Colour Problem, and it remains open for all k greater than 6. (See [12] for a survey on Hadwiger’s Conjecture.)
A stronger conjecture, known to Dirac already in the early 1950s [3] (see also [12]), states that every k-chromatic graph
contains a subdivision of the complete graph on k vertices. In 1979, Catlin [2] showed that this latter conjecture, which
became known as Hajós’ Conjecture, is false for all values of k greater than 6. Catlin’s counterexamples are surprisingly
simple; they are just inflations of the 5-cycle. Catlin’s counterexamples to Hajós’ Conjecture are not counterexamples to
Hadwiger’s Conjecture, but we do not know whether an inflation of some other small graph might yield a counterexample
to Hadwiger’s Conjecture. Of course, if there is a counterexample to Hadwiger’s Conjecture, then it has to be found among
the counterexamples to Hajós’ Conjecture. Thomassen [11] proved that a graph G is perfect if and only if every inflation of
G satisfies Hajós’ Conjecture. This, in particular, means that any non-perfect graph can be inflated to a counterexample to
Hajós’ Conjecture.
Plummer et al. [10] proved that no counterexample to Hadwiger’s Conjecture can be obtained by inflating a graph with
independence number 2 and order at most 11. Bjarne Toft1 posed the problem of proving that any inflation of the Petersen
graph satisfies Hadwiger’s Conjecture. The reason for considering the Petersen graph is the fact that it is a small and very
symmetric graph which has turned out to be a counterexample to several previous conjectures in graph theory.
In this paper, we prove that the chromatic number of an arbitrary inflation G of the Petersen graph is equal to the
chromatic number of some inflated 5-cycle contained in G. As a corollary, we obtain a positive solution to Toft’s problem.
Notation and terminology. All graphs considered in this paper are finite, undirected, and without loops or multiple edges.
Let G denote a graph. A clique of G is a complete subgraph of G, and a k-clique is a clique on exactly k vertices. The clique
E-mail address: asp@imada.sdu.dk.
1 Private communication from Bjarne Toft, Kyoto RIMS Winter School of Graphs and Algorithms, December 2008. Toft also presented the problem at the
21st Cumberland Conference on Graph Theory, Combinatorics, and Computing, May 2008 [13]. The problem was then passed on by André Kézdy at the UofL
DiscreteMathWorkshop 2008 [6]. According to Toft, the problemdates back to Plummer, Stiebitz, and Toft’s work on the paperOn a special case of Hadwiger’s
Conjecture [10].
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number ω(G) is the largest k for which G contains a k-clique. Given a positive integer k, we let [k] denote the set {1, . . . , k}.
A k-colouring of G is a function ϕ from the vertex set V (G) of G into the set [k] such that ϕ(u) ≠ ϕ(v) for every edge uv from
the edge set E(G) of G; the smallest integer k for which G has a k-colouring is the chromatic number χ(G) of G. A graph is said
to be k-chromatic if it has chromatic number equal to k. An independent set S of G is a subset of the vertex set of G with the
property that no two vertices of S are joined by an edge in G; the maximum integer k for which there exists an independent
set S of G of cardinality k is the independence number of G, and it is denoted α(G). We let P denote the Petersen graph.
Given some graphG of order nwith vertices labelled v1, v2, . . . , vn, and given non-negative integers k1, . . . , kn, we define
the inflation G(k1, . . . , kn) of G (with respect to this particular labelling and the integers k1, . . . , kn) to be the graph obtained
from G by replacing each vertex vi of G by a set Vi of ki (fresh) vertices and adding edges such that Vi induces a ki-clique of
G(k1, . . . , kn) and any two vertices ui and uj of distinct sets Vi and Vj are adjacent if the corresponding vertices vi and vj are
adjacent in G.2 If G is a graph, we shall often let G′ and G′′ denote inflations of G.
A graph F is a minor of a graph G if F can be obtained from G by deleting edges and/or vertices and contracting edges; a
complete minor of order k of G is a minor of Gwhich is a complete graph on k vertices. A subdivision of a graph is obtained by
replacing its edges by paths so that the paths are pairwise internally disjoint. Concepts and notation used but not defined in
this paper will be used as in [1].
We shall be using the following theorem of Lovász.
Theorem 1 (Lovász [8]). Any inflation of a perfect graph is a perfect graph.
2. A few preliminary results
The Petersen graph is triangle-free but contains 12 distinct 5-cycles. First we need to understand how to optimally colour
the vertices of any inflation of a 5-cycle. The following observation, which we need for later use, has a trivial proof.
Observation 2. Let the vertices of the 5-cycle C5 be labelled cyclically v1, . . . , v5, and let G′ denote the inflation C5(k1, . . . , k5) of
C5 where each vertex vi is inflated to a ki-clique on a vertex set Vi of cardinality ki. Supposeω(G′) ≥ n(G′)/2withω(G′) = k1+k2.
Then k5 ≤ k2 and k3 ≤ k1. Let A and B denote disjoint sets of cardinality k1 and k2, and let A′ and B′ denote fixed subsets of A
and B of cardinality k3 and k5, respectively. Then there is an ω(G′)-colouring ϕ of G′ with ϕ(V1) = A, ϕ(V2) = B, ϕ(V3) = A′,
ϕ(V5) = B′, and ϕ(V4) ⊆ (A \ A′) ∪ (B \ B′).
The following result is a special case of a result previously obtained by Gallai (1969, unpublished; see [7]), by Fiorini and
Wilson [4], and by Rothschild and Stemple (see [9, p. 241]).
Lemma 3. The chromatic number of any inflation G′ of the 5-cycle is equal to
max

ω(G′),

n(G′)
2

. (1)
Proof. Suppose that each vertex vi of the 5-cycle C5 = v1v2v3v4v5 is inflated to a ki-clique on a vertex set Vi of cardinality
ki, and let G′ denote the resulting graph. We shall apply induction on the number of vertices of G′. If n(G′) ≤ 1, then (1)
holds. Suppose n(G′) ≥ 2 and that the desired equality holds for any inflation G′′ of C5 with n(G′′) < n(G′). Let ϕ denote
a χ(G′)-colouring of G′. If no colour class of ϕ contains more than one vertex, then G′ is a complete graph, and the desired
result follows immediately. Thus, we may assume that some colour class of ϕ contains exactly two vertices, say u and v.
We may, by symmetry, assume that ω(G′) is equal to k1 + k2. If ω(G′) ≥ ⌈n(G′)/2⌉, then the desired result follows from
Observation 2. Hence, we may assume ω(G′) ≤ ⌈n(G′)/2⌉ − 1 = ⌈(n(G′)− 2)/2⌉. The fact that ϕ is a χ(G′)-colouring of G′
implies
χ(G′) = χ(G′ − u− v)+ 1. (2)
By the induction hypothesis, χ(G′ − u− v) is equal to
max

ω(G′ − u− v),

n(G′)− 2
2

. (3)
Of course, ω(G′ − u − v) is at most ω(G′), and, as noted above, ω(G′) ≤ ⌈(n(G′) − 2)/2⌉. Hence, the maximum occurring
in (3) is equal to
n(G′)− 2
2

.
This, along with (2), implies (1), and so the proof is complete. 
2 Thomassen [11] refers to inflated graphs as ‘replication graphs’.
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(a) The graph H . (b) The Petersen graph P .
Fig. 1. The graph H and the Petersen graph P with a labelling of the vertices.
Observation 4. Any inflation G′ = C5(k1, . . . , k5) of the 5-cycle has a complete minor of order at least (n(G′) + min{k1, . . . ,
k5})/2.
Proof. 3 Suppose that each vertex vi of the 5-cycle C5 = v1v2v3v4v5 is inflated to a ki-clique, and let G′ denote the resulting
graph. We may, without loss of generality, assume min{k1, . . . , k5} = k1. Then G′ has a complete minor of order at least k,
where
k ≥ k1 +max{k2 + k3, k4 + k5}
≥ k1 + n(G
′)− k1
2
= n(G
′)+ k1
2
.
This completes the proof. 
Together, Observation 4 and Lemma 3 give yet another proof of the already known fact that Hadwiger’s Conjecture is
true for any inflation of the 5-cycle.
Corollary 5. Hadwiger’s Conjecture holds for any inflation of the 5-cycle.
Let H denote the graph depicted in Fig. 1(a), and let the vertices of H be labelled as indicated.4
Let D1 and D2 denote the subgraph of H induced by {v1, v2, v3, v4, v5} and {v1, v4, v5, v6, v9}. Let H ′ denote an inflation
ofH where each vertex vi has been inflated to a ki-clique on a vertex set Vi. LetD′1 andD
′
2 denote the subgraphs ofH
′ induced
by V1∪V2∪V3∪V4∪V5 and V1∪V4∪V5∪V6∪V9, respectively. Then both D′1 and D′2 are inflations of the 5-cycle. Obviously,
χ(H ′) is at least max{χ(D′1), χ(D′2)} and ω(H ′) is equal to max{ω(D′1), ω(D′2)}. Hence, by Lemma 3,
χ(H ′) ≥ max{χ(D′1), χ(D′2)}
= max

max

ω(D′1),

n(D′1)
2

,max

ω(D′2),

n(D′2)
2

= max

ω(H ′),

n(D′1)
2

,

n(D′2)
2

. (4)
Lemma 6. The chromatic number of any inflation H ′ of H is equal tomax{χ(D′1), χ(D′2)}where D′1 and D′2 are as defined above.
Proof. LetH ′ denote an inflation ofH . By (4), we only need to prove that χ(H ′) is at most max{χ(D′1), χ(D′2)}, which, by (4),
is equal to
max

ω(H ′),

n(D′1)
2

,

n(D′2)
2

where D′1 and D
′
2 are as defined above. If n(H
′) ≤ 1 then the desired statement holds. Hence, wemay assume that n(H ′) is at
least 2 and that the desired equality holds for any inflation H ′′ of H with n(H ′′) < n(H ′). Let G denote the smallest subgraph
of H such that H ′ is an inflation of G. Let D′1 and D
′
2 be defined as above, and let n1 and n2 denote the number of vertices of
D′1 and D
′
2, respectively.
3 Private communication from Adrian Bondy, Odense, January 2011.
4 The graph H depicted in Fig. 1(a) is a proper induced subgraph of the Petersen graph.
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If G is a perfect graph, then, by Theorem 1, H ′ is perfect, in particular, χ(H ′) = ω(H ′) which implies the desired upper
bound. Hence, G contains at least one 5-cycle. If G is just a 5-cycle, then χ(H ′) = max{χ(D′1), χ(D′2)}. Hence, G is either
identical to H or isomorphic to a 5-cycle with a leaf attached at some vertex. By symmetry, we may assume that G contains
the vertices v1, v3, and v9. Fix some vertices u1 ∈ V1, u3 ∈ V3, u9 ∈ V9, and define H ′′ := H ′ − u1 − u3 − u9. Obviously,
χ(H ′) ≤ χ(H ′′)+ 1. (5)
By the induction hypothesis,
χ(H ′′) = max

ω(H ′′),

n1 − 2
2

,

n2 − 2
2

(6)
where we used the fact that each of the sets D′1 and D
′
2 contain precisely two vertices of the set {u1, u3, u9}.
By (5) and (6),
χ(H ′) ≤ max

ω(H ′′),

n1 − 2
2

,

n2 − 2
2

+ 1 (7)
and so if ω(H ′′) ≤ ω(H ′) − 1 or ω(H ′′) ≤ ⌈(ni − 2)/2⌉ for some i ∈ [2] the desired upper bound follows from (7). Hence,
we may assume ω(H ′) = ω(H ′′) > ⌈(ni − 2)/2⌉ for both i = 1 and i = 2. This means, in particular, that H ′[V4 ∪ V5] is a
maximum clique in H ′, and so ω(D′i) = |V4 ∪ V5| = ω(H ′) for both i = 1 and i = 2. We can now conclude that, for each
i ∈ [2],
ω(D′i) ≥

ni − 2
2

+ 1 =
ni
2

and so it follows from Observation 2 (with k4 and k5 taking the role of k1 and k2) that, for each i ∈ [2], there is a colouring
ϕi of D′i using the colours 1, . . . , ω(D
′
i) such that ϕ1 and ϕ2 are identical on the domain V1 ∪ V4 ∪ V5. This means that ϕ1 and
ϕ2 can be combined into a colouring of H ′ which uses max{ω(D′1), ω(D′2)} colours, and so the desired upper bound follows.
This completes the proof. 
3. The chromatic number of any inflation of the Petersen graph
We shall let the vertices of the Petersen graph P be labelled as indicated in Fig. 1(b), and let P ′ denote an inflation of P
where each vertex vi has been inflated to a ki-clique on a vertex set Vi. The maximal inflated 5-cycles in P ′ are
D′1 := P ′[V1 ∪ V2 ∪ V3 ∪ V4 ∪ V5]
D′2 := P ′[V6 ∪ V8 ∪ V10 ∪ V7 ∪ V9]
D′3 := P ′[V1 ∪ V2 ∪ V7 ∪ V9 ∪ V6]
D′4 := P ′[V2 ∪ V3 ∪ V8 ∪ V10 ∪ V7]
D′5 := P ′[V3 ∪ V4 ∪ V9 ∪ V6 ∪ V8]
D′6 := P ′[V4 ∪ V5 ∪ V10 ∪ V7 ∪ V9]
D′7 := P ′[V5 ∪ V1 ∪ V6 ∪ V8 ∪ V10]
D′8 := P ′[V1 ∪ V2 ∪ V3 ∪ V8 ∪ V6]
D′9 := P ′[V2 ∪ V3 ∪ V4 ∪ V9 ∪ V7]
D′10 := P ′[V3 ∪ V4 ∪ V5 ∪ V10 ∪ V8]
D′11 := P ′[V4 ∪ V5 ∪ V1 ∪ V6 ∪ V9]
D′12 := P ′[V5 ∪ V1 ∪ V2 ∪ V7 ∪ V10].
For each i ∈ [12], let ni denote the number of vertices in D′i .
Theorem 7. The chromatic number of any inflation P ′ of the Petersen graph P is equal to
max{χ(D′i) | i ∈ [12]} (8)
where the graphs D′i (i ∈ [12]) are defined as above.
Proof. Let P ′ denote an inflation of the Petersen graph. By Lemma 3, χ(D′i) = max{ω(D′i), ⌈ni/2⌉} for any i ∈ [12].
Moreover, since any maximum clique of P ′ is contained in some inflated 5-cycle D′i (i ∈ [12]), we have max{ω(D′i) | i ∈[12]} = ω(P ′). These two facts together imply the following equality.
max{χ(D′i) | i ∈ [12]} = max

ω(P ′), ⌈ni/2⌉ | i ∈ [12]

. (9)
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Since each of the inflated 5-cycles D′i (i ∈ [12]) is a subgraph of P ′,max{χ(D′i) | i ∈ [12]} is obviously a lower bound on
χ(P ′). Thus, we only need to show that max{χ(D′i) | i ∈ [12]} is an upper bound on χ(P ′). By (9), this can be done by
showing that some number from the set
{ω(P ′), χ(D′i), ⌈ni/2⌉ | i ∈ [12]}
is an upper bound on χ(P ′). We apply induction on the number of vertices of P ′. If n(P ′) ≤ 1, then (8) holds. Hence, we
may assume that n(P ′) is at least 2 and that the desired equality holds for any inflation P ′′ of P with n(P ′′) < n(P ′).
Our argument splits naturally into two cases depending onwhether themaximumon the right-hand side of (9) is realised
by ω(P ′) or not.
(i) Suppose ω(P ′) < ⌈nj/2⌉ for some j ∈ [12].
Suppose, in addition, thatP ′ does not contain fourmutually non-adjacent vertices. The Petersen graphhas independence
number 4, and so thismeans thatP ′ is an inflation of someproper induced subgraph F of the Petersen graph. If F contains
no 5-cycles, then F is perfect and so, by Theorem 1, P ′ is perfect as well, in particular, ω(P ′) = χ(P ′), and the desired
upper bound follows. Thus, we may assume that F contains at least one 5-cycle. By the symmetry of the Petersen graph,
wemay assume v1, v2, v3, v4, v5 ∈ V (F). If F contains two non-adjacent vertices from the setW := {v6, v7, v8, v9, v10},
then F has independence number 4, a contradiction. This is easily seen to imply that F contains at most two vertices
fromW . We may, by symmetry, assume that the only vertices fromW which can be in F are v6 and v8. Now it is easy to
see that P ′ is an inflation of the graph H depicted in Fig. 1(a) and so the desired result follows directly from Lemma 6.
Thus, we may assume that P ′ contains four mutually non-adjacent vertices u1, u3, u9, u10. By the symmetry of the
Petersen graph, we may assume u1 ∈ V1, u3 ∈ V3, u9 ∈ V9, and u10 ∈ V10. DefineP ′′ := P ′ − u2 − u4 − u6 − u10. Then,
of course, χ(P ′) ≤ 1+ χ(P ′′). By induction on the number of vertices in P ′,
χ(P ′′) = max

ω(P ′′),

ni − 2
2

| i ∈ [12]

(10)
where the minus 2 is due to the fact that we have removed exactly two vertices from each of the inflated 5-cycles
D′i (i ∈ [12]) in P ′. Hence,
χ(P ′) ≤ max

ω(P ′′)+ 1,
ni
2

| i ∈ [12]

≤ max

ω(P ′)+ 1,
ni
2

| i ∈ [12]

= max
ni
2

| i ∈ [12]

(11)
where the equality in (11) follows from the fact that ω(P ′) + 1 is at most ⌈nj/2⌉. Thus, we have derived the desired
upper bound on χ(P ′), and the argument for case (i) is complete.
(ii) Suppose ω(P ′) ≥ ⌈ni/2⌉ for all i ∈ [12]. By the symmetry of the Petersen graph, we may assume that ω(P ′) is equal
to |V1 ∪ V6|. Let A and B denote two disjoint sets of cardinality k1 and k6, respectively. We colour the vertices of V1 and
V6 with the colours from A and B, respectively. By the maximality of the clique P ′[V1 ∪ V6], k2 ≤ k6 = |B|. Similarly,
k5 ≤ |B|, k8 ≤ |A| and k9 ≤ |A|. Thus, we may choose subsets A1, A2 ⊆ A and B1, B2 ⊆ B of cardinality k9, k8, k5, and k2,
respectively. We shall choose A1, A2, B1, and B2 such that the intersections A1 ∩ A2 and B1 ∩ B2 are as small as possible.
For later use, we note that
|A1 ∩ A2| = max{0, |A1| + |A2| − |A|} = max{0, k9 + k8 − k1} and
|B1 ∩ B2| = max{0, |B1| + |B2| − |B|} = max{0, k5 + k2 − k6}. (12)
We colour the vertices of V9, V5, V8, and V2 with colours from the sets A1, B1, A2, and B2, respectively.
Now the uncoloured vertices of P ′ induce the graph P ′[V3 ∪ V4 ∪ V7 ∪ V10] which is an inflation of the union of two
disjoint K2’s. We show how to extend the current ω(P ′)-colouring to an ω(P ′)-colouring ofP ′− V7− V10. If we can do
this, then, by a similar argument, we can extend the currentω(P ′)-colouring to anω(P ′)-colouring ofP ′−V3−V4, and
so, since there is no (V3∪V4, V7∪V10)-edge inP ′, the colourings ofP ′−V3−V4 andP ′−V7−V10 can be combined into
an ω(P ′)-colouring ofP ′, as desired. We colour as many vertices from V3 with colours from F3 := (A1 \ A2)∪ (B1 \ B2).
Similarly, we colour as many vertices from V4 with colours from F4 := (A2 \ A1) ∪ (B2 \ B1). We have
|F3| = |A1| − |A1 ∩ A2| + |B1| − |B1 ∩ B2| and
|F4| = |A2| − |A1 ∩ A2| + |B2| − |B1 ∩ B2|.
None of the colours A1 ∪ A2 ∪ B1 ∪ B2 can be used on the remaining uncoloured vertices of V3 ∪ V4. The number of
remaining uncoloured vertices in V3 ∪ V4 is
max{(k3 − |F3|), 0} +max{(k4 − |F4|), 0}.
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The set of colours available for colouring the uncoloured vertices of V3 ∪ V4 is (A ∪ B) \ (A1 ∪ A2 ∪ B1 ∪ B2). Define
mi := max{(ki − |Fi|), 0} for i ∈ {3, 4}. Hence, we need to show
m3 +m4 ≤ |(A ∪ B) \ (A1 ∪ A2 ∪ B1 ∪ B2)|. (13)
Ifm3 = m4 = 0, then (13) obviously holds. Supposem3 = k3 − |F3|whilem4 = 0. Then we need to show
k3 − (|A1| − |A1 ∩ A2| + |B1| − |B1 ∩ B2|) ≤ k1 + k6 − |A1 ∪ A2| − |B1 ∪ B2|
which is equivalent to showing
k3 − (|A1| − |A1 ∩ A2| + |B1| − |B1 ∩ B2|) ≤ k1 + k6 − (|A1| + |A2| − |A1 ∩ A2| )−( |B1| + |B2| − |B1 ∩ B2|)
which, again, is equivalent to showing k3+|A2|+ |B2| ≤ k1+k6. Now k3+|A2|+ |B2| is equal to k3+k8+k2. Recall that
k3+k8+k2+k1+k6 = n8. By assumption, k1+k6 = ω(P ′) ≥ ⌈n8/2⌉, and so k3+k8+k2 = n8−(k1+k6) ≤ ⌊n8/2⌋ ≤
k1 + k6, as desired. The casem3 = 0 andm4 = k4 − |F4| can be settled by a similar argument. Supposem3 = k3 − |F3|
andm4 = k4 − |F4|. In this case we need to show
k3 − (|A1| − |A1 ∩ A2| + |B1| − |B1 ∩ B2|)+ k4 − (|A2| − |A1 ∩ A2| + |B2| − |B1 ∩ B2|)
≤ k1 + k6 − |A1 ∪ A2| − |B1 ∪ B2|
which is equivalent to showing
k3 + k4 + |A1 ∩ A2| + |B1 ∩ B2| ≤ k1 + k6. (14)
By assumption,wehave k1+k6 ≥ max{⌈n8/2⌉, ⌈n11/2⌉}where n8 = k1+k2+k3+k8+k6 and n11 = k1+k6+k9+k4+k5.
This implies
k1 + k6 ≥ k2 + k3 + k8 and k1 + k6 ≥ k9 + k4 + k5. (15)
Adding the two inequalities of (15), we obtain
k3 + k4 + k9 + k8 + k5 + k2 ≤ 2k1 + 2k6. (16)
As noted in (12), we have |A1∩A2| = max{0, k9+k8−k1} and |B1∩B2| = max{0, k4+k2−k6}. If |A1∩A2| = |B1∩B2| = 0,
then (14) follows from the fact that ω(P ′) = k1 + k6.
If |A1 ∩ A2| = k9 + k8 − k1 and |B1 ∩ B2| = k5 + k2 − k6, then, by (16),
2k1 + 2k6 ≥ k3 + k4 + (k9 + k8)+ (k5 + k2) = k3 + k4 + (|A1 ∩ A2| + k1)+ (|B1 ∩ B2| + k6)
from which (14) follows as desired. Suppose that |A1 ∩ A2| = k9 + k8 − k1 and |B1 ∩ B2| = 0. By (14), we only need to
show
k3 + k4 + k9 + k8 − k1 ≤ k1 + k6. (17)
We have n5 = k6 + k8 + k3 + k4 + k9 and k1 + k6 = ω(P ′) ≥ ⌈n5/2⌉. Hence
2k1 + 2k6 ≥ k6 + k3 + k4 + k9 + k8 (18)
which implies (17). The case |A1 ∩ A2| = 0 and |B1 ∩ B2| = k5+ k2− k6 can be settled by a similar argument, and so the
proof is complete. 
Corollary 8. Hadwiger’s Conjecture holds for any inflation of the Petersen graph.
Proof. The desired result follows immediately from Theorem 7 and Corollary 5. 
4. Concluding remarks
Given a graph G with vertices labelled v1, . . . , vn and n graphs H1, . . . ,Hn, we let G(H1, . . . ,Hn) denote the graph
obtained from G by replacing each vertex vi of G by the graph Hi and adding edges such that any two vertices ui ∈ V (Hi)
and uj ∈ V (Hj) with i ≠ j are adjacent in G(H1, . . . ,Hn) if the corresponding vertices vi and vj are adjacent in G. Thus,
G(k1, . . . , kn) is isomorphic to G(Kk1 , . . . , Kkn). The following result, which has an easy proof, is due to Tibor Gallai,
5 and it
implies that for colouring purposes it suffices to consider ‘complete inflations’.
Proposition 9 (Gallai, 1969). For any graph G on n vertices,
χ(G(k1, . . . , kn)) = χ(G(H1, . . . ,Hn)) (19)
provided that χ(Hi) = ki for all i ∈ [n]. Moreover, G(k1, . . . , kn) is critical if and only if H1, . . . ,Hn are all critical.
5 Private communication to Bjarne Toft, 1969.
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Fig. 2. The graph L.
Together, Proposition 9 and Theorem 7 can be used to determine the chromatic number of any graph P (H1, . . . ,H10)
given that the chromatic numbers of the graphs H1, . . . ,H10 are known.
Observation 10. Given an inflation G(k1, . . . , kn) and graphs H1, . . . ,Hn with χ(Hi) = ki for each i ∈ [n], if G(k1, . . . , kn),
H1, . . . ,Hn all satisfy Hadwiger’s Conjecture, then G(H1, . . . ,Hn) also satisfies Hadwiger’s Conjecture.
Proof. Given notation and assumptions as stated in the observation, it follows that G(k1, . . . , kn) is isomorphic to a minor
of G(H1, . . . ,Hn) and so the desired result follows from Proposition 9. 
Corollary 11. If H1, . . . ,H10 are graphs which all satisfy Hadwiger’s Conjecture, then the graph P (H1, . . . ,H10) satisfies
Hadwiger’s Conjecture.
The method applied in proving Theorem 7 may also be used to derive the chromatic number of inflations of some other
small graphs. The problem becomes difficult for larger graphs. The dodecahedral graph might be an attractive non-trivial
case to consider. I conjecture that the chromatic number of any inflation I of the dodecahedral graph is realised by some
inflated 5-cycle contained in I .
One might be tempted to conjecture that the chromatic number of any inflation I of any 3-chromatic graph with no
other odd cycles than 5-cycles is always realised by some inflated 5-cycle in I . Such a conjecture does not hold: the
3-chromatic graph L depicted in Fig. 2 contains no other odd cycles than 5-cycles; the independence number of L′ := L(2, 2,
2, 2, 2, 2, 2, 2) is 3, and so χ(L′) ≥ ⌈n(L′)/α(L′)⌉ = ⌈16/3⌉ = 6; however, each inflated 5-cycle in L′ has chromatic number
at most 5.
As a final remark on Hadwiger’s Conjecture and inflations of graphs, I like to mention that about ten years ago Ken-
ichi Kawarabayashi conjectured that Hadwiger’s Conjecture is true for any inflation of any series–parallel graph (private
communication to the author, March 2012). To the best of my knowledge, that conjecture is still open.
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